ON THE GEOMETRY UNDERLYING SUPERSYMMETRIC FLUX 
VACUA WITH INTERMEDIATE SU(2) STRUCTURE 

ANNA FINO AND LUIS UGARTE 

(N 

rir , Abstract. We show that supersymmetric flux vacua with constant interme- 

^^^ ' diate SU(2) structure are closely related to some special classes of half-flat 

^~« ' structures. More concretely, solutions of the SUSY equations IIA possess a 

symplcctic half-flat structure, whereas solutions of the SUSY equations IIB 
admit a half-flat structure which is in certain sense near to the balanced con- 
C J • dition. Using this result wc show that compact simply connected manifolds do 

Q' not admit type IIB solutions. New solutions of the SUSY equations IIA and 

IIB are constructed from hyperkiihler 4-manifolds, special hypo 5-manifolds 
r^ , and 6-dimcnsional solvmanifolds. 

1. Introduction 

In [T] new supersymmetric four-dimensional Minkowski flux vacua of type II 

-vj ! string theory with at least A^ = 1 supersymmetry (SUSY) on nilmanifolds and 

^ ' solvmanifolds have been found, by extending previous results by [T9] . 

OO I In [iTl [18] it was shown that these supersymmetric conditions can be written 

IT^ ' in terms of the so-called generalized complex geometry [20l [25] and it was proved 

that the internal manifold has to be a (twisted) generalized Calabi-Yau manifold. 

An N = 1 supcrgravity vacuum implies the existence of a pair of spinors on the 

C^ I internal manifold. In dimension six the pair of spinors defines an SU{3) structure, 

a static SU{2) structure or an intermediate SU{2) structure [1], which correspond 
respectively to the condition that the two spinors are parallel, orthogonal or be- 
tween the two. These different cases are encoded in the context of the general- 
ized geometry into an SU{3) x SU{3) structure on the bundle TM ® T*M. The 
SU(3) X SU(3) structure can be encoded in a pair of compatible pure spinors. 
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X. 

H , which are objects defined in generalized complex geometry on the generalized tan- 

■ gent bundle TM Q)T*M. When one of the two pure spinors is closed, the manifold 

is called generalized Calabi-Yau. 

An interesting question is then to look for new explicit examples and a natural 
class is the one of the nilmanifolds, since by [S] they admit generalized Calabi-Yau 
structures. In [19] the authors only look for SU{3) and static SU{2) structures, 
since only these ones seemed to be compatible with the orientifold projections. 
But in [26] it was shown that intermediate SU{2) structures are also possible if one 
allows a mixing of the usual SU{2) structure forms under the projection conditions. 

In [T] Andriot rewrote the projection conditions imposed by the orientifold for 
intermediate SU{2) structures by introducing the "projection (eigen) basis" , i.e. 
the set of structure forms which are eigenvectors for the projection. These forms 
define a new SU{2) structure, obtained by a rotation from the usual one and the 
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new SU(2) structure coincides (modulo a rescaling) with the one appearing with 
dielectric pure spinors, introduced in [22l [27] in the ADS/CFT context. Since the 
pure spinors become simpler to study if they are written in terms of the projection 
basis variables, the supcrsymmetry (SUSY) conditions become simple and in this 
way Andriot found for constant intermediate SU{2) structures new four dimensional 
(Minkowski) flux vacua of type II string theory with at least A^ = 1. 

Inside the class of 5*1/(3) structures there is a special one which is strictly related 
to the construction of metrics with holonomy G2. An SU(3) structure defines a 
non-degenerate 2-form F, an almost-complex structure J, and a complex volume 
form ^; the SU{3) structure is called half- flat ii F A F and the real part of ^ 
are closed [7]. Hypersurfaces in 7-dimensional manifolds with holonomy G2 have 
a natural half-flat structure, given by the restriction of the holonomy group repre- 
sentation. In [24] Hitchin showed that, starting with a half-flat manifold (A/, F, ^), 
if certain evolution equations have a solution coinciding with {F, ^) at time zero 
then (A/, F, ^) can be embedded isomctrically as a hypersurface in a manifold with 
holonomy contained in 6*2. 

If in addition F is closed the half-flat structure is called symplectic, and a half-flat 
structure with closed complex volume form "i! is known as Hcrmitian balanced. Nil- 
manifolds of dimension 6 admitting invariant symplectic, resp. Hermitian balanced, 
half- flat structures have been classifled in [TT], resp. [5S]. Recently 6-dimensional 
nilmanifolds carrying an invariant half-flat structure have been classified by Conti 
in [1^ , extending previous partial results [H [HI [28l [6] . 

In this paper we show that supersymmetric flux vacua with constant intermedi- 
ate SU{2) structure are closely related to some special classes of half-flat structures. 
More concretely, in Section [3] we show that solutions of the SUSY equations IIA 
have a symplectic half-flat structure, whereas solutions of the SUSY equations IIB 
admit a half-flat structure which is in certain sense near to the Hermitian bal- 
anced condition. In particular, we prove that compact simply connected manifolds 
do not admit type IIB solutions. Solutions of the SUSY equations IIA and IIB 
are constructed from hyperkahler 4-manifolds and, more generally, from special 
hypo 5-manifolds, where by hypo we mean the natural SU(2) structure induced 
on hypersurfaces in 6-dimensional manifolds with holonomy SU(3) given by the 
restriction of the holonomy group representation |12| . In the last section we con- 
sider 6-dimensional solvmanifolds having both symplectic and Hermitian balanced 
half-flat structures, and using them we find new solutions of the SUSY equations 
IIA and IIB. The nilmanifolds considered in this paper have appeared previously 
in [19], where solutions with SU{3) or static SU{2) structure were found. On the 
other hand, on the solvmanifold of Example 14.2.11 SU(3) structure solutions were 
given in [H [19] (see also [2]), however to our knowledge the solvmanifold of Ex- 
ample 14.2.21 has not appeared previously in relation to the SUSY equations and 
provides a new class of solutions. In Section [3] it is also proved that in general the 
solutions of equations IIA or IIB are not stable by small deformations inside the 
class of half-flat structures (see Proposition 14. 1|) . 



2. Intermediate SU(2) structures 

In this section we follow the conventions of [1], and recall the four-dimensional 
Minkowski flux vacua conditions of type II string theory with at least A^ = 1 super- 
symmetry as well as their relation to the structure group of the internal manifold. 



As in [T] we consider type II supergravity (SUGRA) backgrounds, which are 
warped products of the Minkowski space M'^'^ and of a 6-dimensional compact 
manifold M^. These warped products have a metric of the form 

(1) dsl^^ = e^^^y^r^^.dx^dx'^ + g^,{y)dy'^dy'' , 

where 77 is the diagonal Minkowski metric with signature (3, 1). The solutions will 
also have non zero background values for some of the RR and NS fluxes. Let voll4^ 
denote the warped 4-dimensional volume form. Poincare invariance in dimension 4 
requires the fluxes living on Minkowski space to be proportional to volu)^ so we 
will focus on non trivial fluxes living on the internal manifold M^ . 
As in [19] the total internal RR field F is given by 

IIA: F = Fo + F2 + F4 + i^6, 

IIB: F = Fi+F:i+F5, 

where Fk is the internal /c-form RR field, and it is related to the total 10-dimensional 
RR field-strength F^^") by 

_p(io) =F + wo/(4)AA(*F). 
Here * denotes the Hodge star operator on {M^,g) and A is given by 



p(p— 1) 



XiAp) = (-l)^Ap, 

for every p-form Ap. 

In order to find such solutions one has to solve the equations of motion and the 
Bianchi identities for the fiuxes, however, for the class of supergravity backgrounds 
we are interested in, the equations of motion for the metric and the dilaton are 
implied by the Bianchi identities and the 10-dimensional supersymmetry conditions 
PB] . so one can solve the latter. These conditions are the annihilation of the 
supersymmetry variations of the gravitino i/'/i and the dilatino A given by (see [17]) 

<5A = (^0+ i^T') e+ ie^E„(-l)'"(5 - 27i)f2„P„e, 

with U^, = ^Hf.^pj-'P, H being the NSNS flux. For IIA, V = 711 and Vn = "fncr^ 

for n = 0, . . . , 5, while for IIB, V = —o-^, Vn = cr^ for n = |, | and Vn = icr^ for 
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The 10-dimensional supersymmetry parameter e can be written as a pair (e^, e^) 
of two Majorana-Weyl supersymmetry parameters and, because of the product 
structure of the solution (jlj, there should exist independent globally defined and 
non- vanishing spinors r]^ on M^ such that each e-' is given as 

e^ =C' ®J2faVi + c.c, J = 1,2, 

a 

where C^ and C^ are the 4-dimensional supersymmetry parameters. 

In order to get (at least) A^ = 1 supersymmetry, it is required the existence 
of (at least) a pair {vi^,rf') of globally defined and non- vanishing spinors on the 
internal manifold M^ satisfying the SUSY conditions. The existence of this pair of 
internal spinors generically implies that the structure group of the tangent bundle 
over the internal manifold M^ is reduced to a subgroup G C 5*0(6). This is due 
to the fact that the spinors which are globally defined must not transform under G 
and therefore are singlets under the 50(6) — > G decomposition. The pair {r]^ ,Tf) 



can be parametrized and different types of G-structures are defined on the internal 
manifold depending on the values of the parameters. SU(3) and intermediate SU{2) 
structures on 6-manifolds arise naturally in this context as wc recall next. 

The existence of a globally defined non- vanishing spinor i]^ on a 6-dimensional 
manifold M^ defines a reduction of the structure group of the tangent bundle over 
M^ to S'C/(3). Therefore, on the internal manifold we have an almost Hcrmitian 
structure (J, 5) and a (3, 0)-form ^ such that 

4 , — 

3 ^ ' 

where F is the fundamental 2-form associated to {J,g). The spinor 77+ is a Weyl 
spinor and it is supposed to have positive chirality and unit norm. Complex conju- 
gation acts sending ?7_|. in r]_. The forms (F, ^) can be obtained as bilinears of the 
globally defined spinor. Indeed: 

An SU{2) structure on a 6-dimensional manifold M^ is defined by two orthogonal 
globally defined spinors 77+ and x+ ? which we can suppose of unit norm, or equiva- 
lently by an almost Hermitian structure (J, g), a (1, 0)-form a, a real 2-form uj and 
a (2,0)-form ft satisfying the following conditions 

wAf7==0, f7Af7 = 0, 

ia^ ~ 0, IqOJ = 0, 

where by Iq, we denote the contraction by the vector field dual to a and we take a 
such that ||a|p = iaCt = a-ag°^ab = 2. 

The forms (a,a;,57) are related to the globally defined spinors (??+,X+) by the 
relations 

The spinor x+ can be rewritten in terms of 77. as x+ = ^ceij^. 

The SU{2) structure is naturally embedded in the SU{3) structure defined by 
'11+ by: 

(2) F = u} + ^aA-a, * = a A f}. 

Conversely, if one has an SU{3) structure (F, vl>) on M^ and a (l,0)-form a of 

norm ^/2, then it has been proved in [TJ Appendix A2] that w and fi defined by 

these formulas 

i _ 1 

LO = F a A a, ri = -iw^ 
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provide an SU{2) structure. 

Given a pair (77^^,77^) of globally defined non- vanishing internal spinors corre- 
sponding to the internal components of the supersymmetry parameters, one can 
parametrize them as 

(3) r]\ = a'n+, i]l = fe(fc||7?+ + kj_-aT]_), 



with < fc|| < 1, k± = . \ — k?, and a, & non-zero complex numbers such that 

a = ||?7+|| and fe = j|?75|.||. As in [T], we consider 6 = a so that the relative phases of 
the spinors arc fixed by \a\ and 6, the latter given by e'^ = a/a. 

Now depending on the values of fcu and k±^ one can define starting from the 
spinors different type of G structures. Indeed, if k±^ ~ 0, or equivalently if 77^ and 
?/^ are parallel, then one has an SU{?)) structure. If fcj^ 7^ one has an SU{2) 
structure and in the particular case when k± = 1 and fcu = one gets the so 
called static SU{2) structure. But one can consider as in [T] the intermediate case 
k± ^ and fc|| 7^ 0. The two orthogonal spinors 7y+ and x+ = ^a?7- define an 
SU{2) structure {J,g,a,u!,U) on the internal manifold M^ as above and, relating 
the numbers ku and k± to the angle </> G [0, ^] between the spinors by 

A:|| = cos(0), fcj_ — sin((/)), 

one obtains (see [l^) the family of SU{3) structures on M^ given by 

F^ = cos{2(p)uj + fa A a + sm{2(p)Re{n), 

*^ = a A (- sin(20)a; + cos{2(t))Re{fl) + ilm{n)), 

or equivalently the family of SU{2) structures 

cDa = cos(20) id + sin(2(/))i?e(17), 
(4) 

fi^ = - sin(20) uj + cos{2(t))Re{n) + iIm{Vt). 

Definition 2.1. [1] The SU{2) structure on (M^, J,g, a, w, 17) defined by ^ is 
called intermediate if fcii and fcj_ are both different from zero. It is called static (or 
orthogonal) if fcj^ = 1 and k\\ =0. 

Wc recaU that an SU{i) structure (F, *) is said to be half-flat if d{F A F) = 
and d{Re{^)) = 0. If in addition dF = 0, then the SU{3) structure is said to be 
symplectic half-flat. 

Definition 2.2. An SU{3) structure {F, ^) on M^ is called Hermitian balanced if 
d[F A F) = and d* = 0. 

From now on by a symplectic half-flat, resp. Hermitian balanced, SU{2) struc- 
ture {J,g,a,uj,n) we mean that the associated SU{3) structure given by is 
symplectic half-flat, resp. Hermitian balanced. 

3. SUSY EQUATIONS 

In this section we show that supersymmetric flux vacua with intermediate SU{2) 
structure are closely related to the existence of special classes of half-flat structures 
on the internal manifold. We begin by recalling the SUSY conditions derived by 
Andriot in [T]. 

To solve the SUSY conditions, rather than using Killing spinors methods or G- 
structures tools, in [T] it was used the formalism of generalized complex geometry 
[201 [151 [12] . In generalized complex geometry for a d-dimensional manifold M, one 
considers the bundle TM ®T*M , whose sections are generalized vectors (sums of 
a vector and a 1-form). The spinors on TM ®T*M are Majorana-Weyl Cliff((i, d) 
spinors, and locally they can be seen as polyforms, i.e. sums of even/odd differential 
forms, which correspond to positive/negative chirality spinors. A Cliff((i, d) spinor 



is pure if it is annihilated by half of the CliS{d, d) gamma matrices. Such pure 
spinors can be obtained also as tensor products of ClifF((i) spinors. 

In the supcrgravity context, the Cliff(6, 6) pure spinors are defined as a biproduct 
<&-!- = "q^^r]^ of the internal supersymmetry parameters and, via the Fierz identity, 
they can be seen as polyforms 

1 ^ 1 

fe=0 

The explicit expressions of the two pure spinors in terms of the forms {a,uj, fl) are 
then 

$_ = -l^a A (/fcj_e-*" + ikiin). 
In general, by |20j a pure spinor $ can be written as 

$ = f^fcAe^+'^S 

where flk is a holomorphic fc-form, and B and K are real 2-forms. The rank k of 
the form Slfe is the type of the spinor. For the intermediate SU{2) structure where 
both fc|| and k± are different from zero, by [l], the two pure spinors $+ and <&„ 
can be rewritten as 

$+ = e fciie II , <!>_ = k±a A e '■j- 

8 8 

and thus $+ and $_ have respectively type and 1. In the case of the SU{3) 
structure (limit k± =0), 

+ 8 ' 8 

and the two pure spinors are of type and 3, respectively. In the case of a static 
SU{2) structure (the other limit fc|| =0) one has 

$+ = -^^e-''''f]Ae^"^^ ^_ = -\^a A e-''^ 

+ 8 ' 8 

and the two pure spinors are of type 2 and 1, respectively. 

Two pure spinors are said to be compatible if they have three common annihi- 
lators. A pair of compatible pure spinors defines an SU{3) x SU{3) structure on 
TM © T*M. Depending on the relation between the spinors ry^' , this translates 
on TM into the SU{3), static SU{2) or intermediate SU{2) structures discussed 
above. So the formalism of generalized complex geometry allows to give a unified 
characterization of the topological properties a A^ — 1 vacuum has to satisfy: it 
must admit an SU{3) x SU{3) structure on TM © T*M. And so to satisfy this 
condition, one may verify that our vacua admit a pair of compatible pure spinors. 

An A^ = 1 vacuum should satisfy the SUSY conditions, the equations of motion 
and the Bianchi identities for the fiuxes. By [T71 [TB] the SUSY equations can be 
then written in terms of pure spinors by 

(d-i7A)(e2^-"^$i)=0, 

(d-i7A)(e^~'^i?e($2)) = 0, 

{d - iJA)(e3^-^/m($2)) = ^ * XiF), 



with $1 = $±, $2 = *&=F for IIA/IIB (upper/lower), following the conventions of 
[19]. The first of these equations implies that one of the two pure spinors (the 
one with the same parity as the RR fields) must be twisted (because of the —HA) 
conformally closed. A manifold admitting a twisted closed pure spinor is a twisted 
Generalized Calabi-Yau (see |241ll9j ) and one looks for vacua on such manifolds. 
The equations of motion of the fluxes are 

(d + HA){e^^ *F) = 0, d{e^'^-^'^ * H) = Te^^ ^ ^p A *Fp+2, 

p 

with the upper/lower sign for IIA/IIB. 

The Bianchi identities (we assume no NS source) are 

(rf - HK)F = 5{source), dH = 0, 

where 5{source) is the charge density of the allowed sources: space-filling D-branes 
or orientifold planes (O-planes). In compactification to 4-dimensional Minkowski, 
the trace of the energy momentum tensor must be zero. Then O-planes are needed 
since they are the only known sources with a negative charge, that can thus cancel 
the fiux contribution to this trace. As in [1] the RR Bianchi identities are then 
assumed to be 

{d-HA)F^^Q'V\ 

i 

where Q* is the source charge and V" is (up to a sign) its internal co- volume (the co- 
volume of the cycle wrapped by the source) . The sign of the Q' indicates whether 
the source is a _D-brane (Q* > 0) or an 0-plane (Q' < 0). 

For intermediate SU{2) structures (for which ^^ is constant) in the large volume 
limit from the SUSY conditions one gets that the H Bianchi identities is automati- 
cally satisfied. Furthermore, for this class of compactifications, it was shown in [TH] 
that the equations of motion for the RR fluxes are implied by the SUSY conditions. 
And it was shown in (25] that the equation of motion of H is implied by the SUSY 
conditions and the Bianchi identities. Then, in order to find a solution, having a 
pair of compatible pure spinors on an twisted generalized Calabi-Yau manifold with 
at least one O-plane, as in [1] one has to verify that the SUSY conditions and the 
RR Bianchi identities are satisfied. 

The presence of O-planes implies that the solution has to be invariant under 
the action of the orientifold. As shown in [5^ the first step to derive the orien- 
tifold projection on the pure spinors is to compute those for the internal SUSY 
parameters. This can be done starting from the projection on the 10-dimensional 
SUSY spinorial parameters e* and then reducing to the internal spinors 7]^^. . In our 
conventions, we have 

05: <7{iji)^7jl, <T{vi)=V±, 

06: <y{vi) = vl, 'y{vl) = v'^, 

where a is the target space reflection in the directions transverse to the O-plane. 
Using the expressions ([3]) for the internal spinors, one gets as in [T] the following 
projection conditions at the orientifold plane: 

05 : e*" = ±1, a_L05, 

06:6*" free, Re(a)||06, Im(a) _L 06. 



The previous conditions can be expressed on a as 

05 : a{a) = —a, 06 : a{a) = a. 

By [26] if the G-structures arc constant (as the one which arc considering) , and if 
we work on nil/solvmanifolds (which will be our case), these conditions are valid 
everywhere (not only at the orientifold plane) . Starting from the projections on the 
ry^, as in [26l [1] one may derive the projections of the pure spinors <t± and from 
them those for the SU{2) structure forms. In particular one has 

05: cr(a;) = (fcfj -fc^)tJ + 2fc||fcj_Rc(rj), cr{n) ^ -k^^il + kjQ + 2ki\kj_u;, 

06 : cr(a;) = (fc2^-A:|j)cj-2fc||fcj_Re(0), (T{n) ^ -k^n + kfp - 2kiikj_uj. 

By introducing as in j26j 

05 : fc|| =cos((/i), k±=sm{(j)), < < f , 

06 : fc|| =cos(0 + f) =-sin(0), fc_L = sin(</) + f ) = cos(0), -f < < 0, 
one gets in both cases the following formulas: 

o-(cli) =: cos{2(f>)u! + sm{2(j>)Re{n), 

a{Re{n)) ^ sm{2(j))uj - cos{2(j))Re{n), 

a{Im{n)) = -Im{n). 

Since the previous projection conditions are not very tractable, in [1] he worked in 
the projection (eigen)basis 

W|| = i(a; + cr(a;)), a;_L = 5(0; - cr(a;)), 
(5) 

Re{n)ii = ^{Re{n) + a{Re{n))), i?e(f})j^ = i(i?e(0) - a(i?e(0))), 

which can then be expressed in terms of the original S'C/(2)-structure as 

W|| =!((! + cos(20))w + sm{2(l))Re{n)), 
uj± = i((l - cos(2(/«)w - sm{2c/))Re{n)), 
Re{n)\\ ^ i((l - cos(20))i?e(fi) + sin(20)a;), 
Re{n)j_ = i((l + cos{2(j)))Re{n) - sin(2(/))a;). 

As in [1] one takes e^ ~ |ap = 1 and go to the large volume limit, i.e. A = and 
e"* = 5s constant. This is indeed the regime in which one will look for solutions. 
The only remaining freedom is 9 that we do not really need to fix. Moreover, 
we choose to look only for intermediate 5/7(2) structure, i.e. with /cn 7^ and 
k± y^ constant. Taking the coefficients constant is important because it simplifies 
drastically the search for solutions and the SUSY conditions are much simpler. In 
fact, by using the projection (eigen)basis ([5]) and the results in [171 [T8j, together 
with further simplications as explained in [T], one can rewrite the SUSY equations 
in the following form: 

• SUSY equations II A: 

d{Re{a)) = 0, 

k\\H = k^d{Im{n)), 
^' ^ d{Re(n)±) = knkj_Re{a)Ad{Im{a)), 

H A Re{a) = -if^d{Im{a) A Re{n\\), 



together with Fq , F2 and F4 given by 

9s*Fo = \k^d{Im{a)) A {Im{Vl)f + ^H A Re{a) A Re{^\, 
gs*F2 = -/j||rf(/m(a)) A Im{n) + -^d{Re{n)ii) A Re{a), 
gs * F4 = —k±d{lTn{a)). 

• SUSY equations IIB: 

d{Re{a)) = 0, 
d{Im{a)) = 0, 
fc||i/ = A:_Ld(/m(Jl)), 



(7) 



Re{a) AH= -f^Im{a) A d{Re(n)_i_), 
Im{a) AH ^ r^Re{a) A d{Re{n)j_), 



Re{a) A Im{a) A d{Re{n)\\) = -H A /m(fi), 
together with Fi and Fg, given by 

kj^e'^g.^Fi = F A i?e(17)||, 
k^e'" gs 'i' F3 =d{Re{n)ii). 

Note that (■^^^-TRe{^)j_,-^r^Re{n,)\\,Im{n,),a] define a new SU{2) structure 
{a,Lo',Vt') on M with 



sin0 



i?e(17)||, n' 



cos I 



:Re{n)^ + iIm{n), 



and then a new 5C/(3) structure (F',^'). Moreover, since we wih consider only 
06 planes in II A and 05 planes in IIB, by using a local adapted basis for this 
5f7(2)-structure (see [12]), one has that (d,w,r2) given by 



a = Reia) + ikulmla), u) = — i?e(r2)_L, Vt ~ Im(^) 



z-i?e(17)||. 



is also an SU{2) structure on M in the IIA case, and 



ai = fc||i?e(a) + z/m(a), cj = -— i?e(f7)||, h ^ -—Re[n)^+ ilm{n), 



0.2 — k\\I'rrL{a) ~ iRe{a), '^ = '■, — Rg{^)\\i ^ — —Re{Vt)i 



fci 



i Im{n,), 

are SU{2) structures on M in the IIB case. We will use these structures in the 
next theorems, and the corresponding SU{?>) structures will be denoted by (F, ^). 
Notice that the almost complex structure J and the metric g change with respect 
to those given by (a, a;', Q,'). 

Theorem 3.1. Let (M^, J,g,a,LLj,il) be a 6-dimensional manifold endowed with 
an SU{2) structure such that the 2-forms Re{Q)\\, Re{Q)j_, Im{Q) satisfy the equa- 
tions ([6|), then M^ admits a symplectic half-flat SU{2) structure (J,^, d,a), f2) 
with d{Re{a)) — 0. Conversely, if M^ has a symplectic half-flat SU{2) structure 
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{J,g,a,u!,fl) such that d{Re{a)) = 0, then the forms {Re{Vl)\\,Re{Vl)_\_,Im{Vl),a) 
defined by 

- — Re(Q,)± — il), Irn{fl] — i-—Re{fl]u — Ct, Reia) + ikulmia) = a 
kj_ Kii " " 

are a solution of the equations ([6]) . 

Proof. For type IIA the 2-forms -i^Re{^)±, -^Re{il.)\\,Im{^) together with the 
complex 1-form Re{a) + ik\\Im{a) define a new SU{2) structure with 

a) = - — Re{fl)±, O = /m(ri) — i-— i?e(ri)||, a = Re(a) + ik\\Im(a) 
kj_ fc|| 

and then a new SU{3) structure {J, F, ^), with 

F ^ LJ + k\\Re{a) A Im{a), ^ = a A fj. 

By the second equation of ([6]) wc have 

H = ^d(Im(n)). 

/C|| 

Then by the last equation of (j6|) wc obtain 

d{Im{nj) A Re{a) = -d{Im{a) A i?e(fJ)||), 

i.e. that the real part of the form 4' = (i A O is closed. 
Moreover, by 

d{Re{n)±) = k\\k±Re{a) A d{Im{a)), 

it follows that 

d{Re{n)j_ + k\\k^Re{a) A Im{a)) == k^d{F) ^ 0, 

and so wc have a symplcctic half-flat SU{2) structure on M^. Conversely, if M^ 
has a symplectic half-flat SU{2) structure {J,g,a,uj,Ct) such that d{Re{a)) = 0, 
we have that the fundamental form 

F = uj + Reia) A Imia) = — Re(n±_) + kuRe{a) A Imia) 

k± " 

is closed and thus the equation 

d{Re{n)_L) = k\\k^Re{a) A d{Im{a)) 

in ([6]) holds. By the closcdness of the real part of the (3, 0)-form ^ ^ a A fl we 
have that also the last equation in ([6]) is satisfied for H = ^^^(/^(l^)). D 

Theorem 3.2. Let {M^ , J,g,a,LO,il) be a 6-dimensional manifold endowed with 
an SU(2) structure such that the 2-forms Re{Q)\\, Re{Q)±, Im{Q) satisfy the equa- 
tions ([7|), then AI^ admits two half-fiat SU{2) structures (Ji,gi, di, w, rj) and 
{J2, §2, C(2,'^, f2) such that d{ai) = and a-i = k\\ Im{a\) — i ^^^"^ ' . 

Conversely, let M^ be a 6-dimensional manifold endowed with a half-flat SU{2) 
structure (Ji, gi, di, w, f2) satisfying d{ai) = 0; if fc|| G (0,1) is such that the 
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SU{2) structure {J2,g2,C(2 = k\\Im{ai) ~ i—^^^,6j,tl) is half-flat, then the forms 
{Re{^)^^, Re{i^)±, Im(n),a) defined by 

- — i?e(il)|| = a), -—Re(fl)±+iIm(fl)^Cl, kuRe(a) + ilm(a) = ai, 



where k± = . 1 — k?., are a solution of the equations ([7]). 

Proof. As we already remarked previously for type IIB the 2-fornis 
■jj!-i?e(ri)j^, ■jj!-i?e(51)||, /TO(rj),a define a new SU{2) structure with 



w = -— i?e(r2)||, ^ ~ —Re{^)± + iIm{Q), ai = k\\Re{a) + il7n{a) 
k\ fcii 



and then a new SU{3) structure ( Ji, F, ^i), with 

F = Lb + kiiRe{a) Alm{a), *i = ai A J7. 

Suppose that the 2-fornis Re{n)^^, Re{i^)±, Im{fi) satisfy the equations ([7]), then 
by the first five equations we have 

d{a A {Re{Q)j_ + ilm{n)) = 0. 

Then, d{Re{ai A Cl)) = 0. 

Since (di,a), f^) is an SU(2) structure, the condition 

Im{nf = -i-i?e(r2)j^| 

is satisfied |T2] and by the last equation of ([7]) we get 

i?e(a)A/m(a)Ad(i?e(r2)||) = -!^d{Im{n)) A Im{n) 

= -kTJ^d{Re{n)^^)ARe{n)^^. 

Therefore 

d((/i:j^fc||i?e(a) A Im{a) + Re{n)\\f) = 0, 

i.e. d{F A F) = 0. Then we have a half-fiat SU{2) structure. 
Consider 

(32 = k\\Im{a) — iRe[a) 

and define #2 = a.2AQ.. We have two SU(3) structures (F, 'I'l) and (_F, *I'2)- Indeed, 

Re{ai) A Im{ai) = i?e(Q;2) A Im{a2) = k\\Re{a) A Im{a), 

so F is the same in both cases. 
Now, equation 

Im{a) A i? = -ii?e(a) A d{Re{n)±) 
fc|| 

implies that d{Re'^i) ~ 0, whereas equation 

k I 
i?e(a) A iJ = --i/m(a) A d(i?e(17)_L) 
fell 

implies that d{Re'^2) = 0. In conclusion we have that (F, ^Pi) and (F, ^2) are 
half-fiat. 

To prove the converse, we first notice that the fundamental form Fi is given 
by Fi = cj + Re{ai) A Im{ai) = ■^i?e(r2)|| -|- k\\Re{a) A Im{a), and therefore 



d(i?e(*j)) = j^Imiaj) AH - —Re(aj) A d{Re{n)_i_). 
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the closedness of the 4-foriii Fi A A inipHes the last equation of ^ ioi H = 

^d{Im{n)). 

Let us consider the complex 3-forni ^j = ctj A fl, j = 1,2. Since Re{'^j) = 
Re{a-j) A Re{Ct) — Im{a.-j) A Im{Cl), we get that 

fc^. .. , .. 1 

For j = 1 we get the equation Im{a) A H ^ ^Re{a) A d{Re{Q)±), and for j = 2 
we get Re{a) AH = —^Im{a) A d{Re{^)±_), so the equations ([7]) are satisfied. D 

Remark 3.3. Notice that in the conditions of Theorem 13.21 we can define a 1- 
parametric family of half-flat SU{2) structures connecting the two given structures. 
In fact, by considering the usual rotation 

dt = fc|| sin t Re (a) + fc|| cost Im{a) + i sin t /771(a) — i cost Re(a), 

we have that (F, at A (l) is half-flat for any value of t. Notice that the fundamental 
2-form F does not depend on t because Re{at) A Im{at) = k^^Re{a) A Im{a). The 
almost complex structure Jt is given with respect to the basis {Re{a), Im{a)} by 



sini cost(Ti — fc||) fc||sin i- 



cos t 



Jt 

''-^jf-^ — Ku COS- I — Sim cosri^Tf km 



^'""* fciicos^t — sintcost(Ti — fcu) 



Next, using the characterization given in Theorem 13. 2[ we show that if there is 
solution of the SUSY equations IIB for any fc|| £ (0, 1), then the manifold must be 
Hermitian balanced. 

Proposition 3.4. Let (J, g,a,uj,fl) be a half-flat SU(2) structure on a 6-manifold 
M^ such that d(a) = and for each A G (0,1) the SU(2) structure {J\,g\, j3\ = 
XIm{a) ~ i—^j^,uj,il) is half-flat. Then, {J, g,a,U!,i}) is Hermitian balanced. 

Proof. Let us consider the SU(3) structure {F, '^) given hyF = oj+^aAa and 
^ = a Afl. According to Deflnition 12.21 we have to prove that /r7i($) is a closed 
form. Let (F, $a) be the SU{3) structure associated to {J\,g\,f3\,uj,il). Then, 
the real and imaginary parts of the forms "^ and $> are given by 

Re{^) = Re{a) A Re{n) - Im{a) A Im{Vl), 

Im{^) = Re{a) A Im{n) + Im{a) A i?e(f7), 

i?e($A) - -^ A Im{n) + A Im{a) A Re{n), 

Im{<^x) = -M£i A Re{n) + XIm{a) A /m(f7). 

The limit of the 3-form $a exists when A — )• 1 and equals —i'^. Since Re{^\) is 
closed for any A € (0, 1), we conclude that /m(^) is closed. Therefore, the SU{2) 
structure {J, g,a,uj,n) is Hermitian balanced. D 

Given a Hermitian balanced SU{2) structure (J, 5',a,a;, il) such that d{a) = 
and Re{a) A d{Re{il)) = one can construct a solution of the SUSY equations HB 
for any k\\ e (0, 1). 
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Proposition 3.5. Let (J, g,a,LU,fl) be a Hermitian balanced SU{2) structure on 
a 6-manifold M^ such that d{a) = and Re{a) A d{Re{fl)) = 0, then for each 
A G (0, 1) the SU{2) structure {J\, g\, Px = \Im{a) — i—-^,ijj,i^) is half-flat. 

Proof Wc have *a = {XIm{a) ~ i^^^) A (ii?e(17) - Ira{Vt)) and thus 

Re{^x) = -XIm{a) A Im{n) + ^^ A Re(n), 

Im{^x) = XIm{a) A Re{n) + ^^ A Im(n). 

By the assumptions on the SU{2) structure (J, g,a,Lu,fl) wc get m particular that 

Reia) A diRe{n)) = Im{a) A d{Im{VL)) = 
and therefore that d{Re{^x)) = 0. D 

Example 3.6. Let us consider a nilmanifold corresponding to the nilpotcnt Lie 
algebra f)4 = (0, 0, 0, 0, 12, 14 + 23), that is, there is a basis {e^, . . . , e^} satisfying 

12 J„6 _ „14 , „23 



de^ = de^ = de^ = de"* = 0, de^ = e^^ ^g 



e + e 



We consider the structure (F, $) given by the 2-forni F = e^^ + e^^ — e^^ and 
the (3,0)-forin v]/ = (e^ + ie^){e^ + ie^)(e^ + ze^). Although ()4 admits Hermitian 
balanced structures, the previous structure is only half-flat. In fact, F^ and i?e(^) 
are closed, but d{Im{'^)) = — e^^^"*. 

For the complex 3-form <1>A = (Ae'^ — i ^)(e^ + ie'')(e^ + i e^), a direct calculation 
shows that 

d(i?e($A)) = U{e'^' + e"') + Ad(e326 _ e345) ^ f:l^gi234^ 
A A 

which implies that Re{^\) is closed only for A — ±-75- Notice that Im{^\) is 

closed for any A, so (-F, $+j_) are Hermitian balanced and (F,^j_) provides a 

solution to equations ([7]). In fact, by Theorem 13.21 we have the following explicit 
solution (a, i?e(ri)||, i?e(J7)j^,/m(ri)) of the SUSY equations IIB for k^^ ^ k± ^ -y=: 

Re{a) = V2e\ Im{a) = e^, i?e(f])|| = ^(e^^ - e^^), 

v2 

Re{n)^_ = ^(e^e - e^S), Im{n) = e^^ + e*^ 

v2 
Notice that the fluxes are: 

H = -e^'\ e^«5,*F3 = -ei26 + ei45^g235^ e^«5, * Fi = e^^^se. 

Now, let us start from the (Hermitian balanced) structure $a for A = — y=, that 

is, 

^_^^{-^ + iV2e^){e^ + ie*){e'^ + ie''), 
^ V2 

and consider the complex 3-form Q^ given by 

p3 

e^ = {V2^ie^+i^){e^+ie^){e'^ + ie^). 
V2fj. 

It is easy to check that i?e(8p) is closed for any value of /i. Notice that in particular 
j_ = ^P, i.e. one member in the family is precisely the half-flat structure (F, ^) 

V2 
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given at the beginning. Again, by Theorem 13.21 we have the following solution 
(a, i?e(n)||, i?e(rj)_L, /TO(fJ)) of the SUSY equations IIB for any k^ = /i € (0, 1): 

Re{a)== y= — e^ Im{a) = V2e\ Re{n)\\ ^ kA^{e^* - e^^), 



/2A:|| 



45^ T^lTi\ — ^25 i „46 



Re{n)i_ = fc|| (e^*' - e*'^), Im{n) 



e + e 



where k± = . 1 — k?.. The fluxes are: 

fc|| /C|| 

From Theorem [O] it follows that a compact 6-manifold M^ admitting a solution 
to equations © satisfies those topological restrictions imposed by the existence of a 
symplectic form, in particular the Betti numbers b2{M^) and b4^{M^) do not vanish. 
Next we prove that 6i(A/^) > 2 for any compact manifold M^ admitting solution 
to ([7]). In Examples 14. 2. II and 14. 2. 21 we show that this lower bound can be attained. 

Proposition 3.7. Let (M^, J, g,a,uj,fl) be a d-dimensional compact manifold en- 
dowed with an SU{2) structure such that the 2-forms Re{n)\\^ Re{n)±,Im{n) sat- 
isfy the equations ([7]), then M^ has first Betti number > 2. In particular, there is 
no solution on compact simply connected 6-dimensional manifolds. 

Proof. From equations ([7]) we can prove that the closed l-forms Re{a) and Im{a) 
arc harmonic with respect to g. In fact, the 5-form *i?e(a) is closed because it is 
a (constant) multiple of Im{a) A (/m(ri))^, which is closed by the last equation 
of ([7]), taking into account the value of H. Similarly, the 5-forni *Im{a) is also 
closed. D 

Let us remind that a Riemannian manifold (N, g) is called hyperkdhler if there 
are three complex structures, I, J, K on iV satisfying the quaternion relations 

/2 = ,/2 = K^ = -1, IJ = K = -JI, 

and such that /, J, K are parallel. In particular, we have three Kahler forms w/, 

Ljj and ujk on N. 

Proposition 3.8. Let {N*, I, J, K) be a compact 4^- dimensional hyperkdhler man- 
ifold. Then, on the 6-dimensional manifold M^ = iV^ x T^ there exist solutions to 
the SUSY equations II A and IIB. More precisely, if (3^,13'^ is a basis of l-forms on 
the torus T^, then {a, Re{fl)\\, Re{fl)±, Im{fl)) given by 

Re{a) = (3 , Im{a) = - — /? , Re{Vt)\\ = —k\\ (^j, Re{fl)± = k± ujk, Im{n) = ujj, 
fc|| 

solves equations ([6]), and {a, Re{fl)\\, Re{Q)±, Im{Q)) given by 

Re{a) = — /3 , Im{a) = /3 , Re{n)\\ = k± ojk, Re{n)± ~ fc|| cj/, Im{Q) = ujj, 
fc|| 

are solutions to equations ([7]). 

Proof. Let us consider cii = /3^ + z/?^, cj = lok and Cl = ojj -\- itoj. Since the 
SU(3) structure {F = f3^'^ + ujk, * = di A ^) is integrable, the SU(2) structure 
{Ji,gi,ai,ui,tl) is obviously symplectic half-flat. Moreover, for any fc|| € (0,1) the 
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SU(2) structure ( J2, 32, ^2 — ^|| /^^ ~ *f~' '^' ^) ^^ ^^^"^ half-fiat and then the result 
follows from Theorems 13.11 and 13.21 D 

Notice that any compact hyperkahler surface is either a complex torus with a 
flat metric or a K3-surface with Calabi-Yau metric [5]. Also observe that for the 
solutions given in this proposition all the fluxes vanish. 

Next we generalize the previous proposition by means of hypo structures on 5- 
manifolds. We recall that an SU{2) structure on a 5-manifold P^ is an SU{2)- 
reduction of the principal bundle of linear frames on P, cquivalently a triple 
(77, a;i,$), where 77 is a 1-form, uji is a 2-form and $ = 0^2 + ?(^3 is a complex 
2-form on P such that 

ryAwiAwiT^O, $^ = 0, wiA(f> = 0, $A¥ = 2a;iAwi, 

and $ is of type (2,0) with respect to uji. Following [12], a SU(2) structure on a 
5-manifold P^ is said to be hypo if duji = d{uj2 A 77) = d{uj3 A 77) = 0. 

Proposition 3.9. Let (P^ ,7], uJi, 102,(^3) be a compact 5-dimensional manifold en- 
dowed with a hypo SU(2) structure such that drj = = dLJ2- Then, on the 6- 
dimensional manifold M^ = P^ x S^ there exist solutions to the SUSY equations 
IIA and IIB. More precisely, if 13 is a global nonvanishing 1-form on S^ then 
(a, Re{il)\\, Re(D,)j_, Im{il)) given by 

Re{a) = l3, Im(a) ~ t~Vi R^{^)\\ ~ ^^W ^3j Re{rt)± = k± uji, Im{Vl) = cj2, 
fc|| 

solves equations ^, and {a,Re{^)\\,Re[^)ji_,Im[^)) given by 
Re{a)~—I3, /771(a) = 77, Re{Vl)\\ ^ ki_ui3, _Re(i7)j_ = fc|| wi, Ira{Vl) = UI2, 



are 



solutions to equations ([7|). 



Proof. It is clear that the SU(2) structure {J,g,a = 13 -\-ir],u} = uji,fl = UJ2 -I- 1^3) 
on M is symplectic half-flat. On the other hand, the SU(2) structure (Ji,^i,di = 
(3 + i 1], Gj = 6^3, VL = (jj\+i UJ2) on M is half-flat and, for any k\\ £ (0, 1), the SU{2) 
structure ( J2, 32, 0^2 = fc|| ij — ij-,[li, Cl) is also half-flat. Therefore, the result follows 
from Theorems O and [321 □ 



It is obvious that given a compact hyperkahler 4-manifold N^ we can consider 
p5 = N'^ X S^, but there are other manifolds to which this result can be applied. 
For example, a nilmanifold corresponding to the Lie algebra (0, 0, 0, 12, 13) with the 
hypo structure rj = e^, u>i = e^^ — e'^^, UJ2 = e^^ -I- e'^'* and lj^ = ej^^ + e^^. We will 
treat this example in more detail in Section [4.1l 

4. New explicit solutions of the SUSY equations IIA and IIB 

In this section we show compact solvmanifolds admitting structures solving the 
SUSY equations IIA and IIB. From Theorem 13.11 and Proposition 13.51 we consider 
compact 6-solvmanifolds admitting both symplectic half-flat and Hermitian bal- 
anced SU{^) structures. 
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4.1. Nilmanifolds. Conti and Tomassini classified [12] the nilmanifolds admitting 
invariant symplectic half-fiat structures. It turns out that the underlying nilpotent 
Lie algebra must be isomorphic to the abelian Lie algebra, fig = (0, 0, 0, 0, 12, 13) or 
(0,0,0,12,13,23). Apart from the abelian Lie algebra, only f)6 admits Hermitian 
balanced structure |28| . In fact, up to equivalence, there is a l-parametric family of 
Hermitian balanced structures, which are described as follows (see [15] for details). 
The complex equations 

du^ = du}^ = 0, duj^ = uj^^ - uj^^, 

define a complex structure J on the Lie algebra (jg and any complex structure on 
()6 is equivalent to J. With respect to J, any Hermitian balanced structure is 
equivalent to one and only one of the form 

Ft = ^(a."+c.^Vi^^^^), 

for some t 7^ 0. 

Let us consider the basis of 1-forms {/3^, . . . , /3^} given by 

In terms of this basis, we have the structure equations 

(8) dp^ = dp^ ^ d(3^ ^ dp^ ^ Q, dp^=P^^, d/3^=/3", 
and the complex structure J and the fundamental form Ft are given by 

(9) J/3I = _/34^ J/32 ^_/33, J/35 ^_/36, Ft = ;3l4_|_^23_^4^2^56^ 

Notice that the associated metric is .gt = /S^ (g) /S^ H h /?"* «) /S'' + At^ P^ (g) P^ + 

At^ P^ (g) P^ . From now on we consider the Hermitian balanced SU{i) structure 
(i^t, ^t) on ()6 given by ^ and 

(10) *t = 2t (/3I +^p^)^ (/32 + z /?3) A [p^ +2/3^). 

• Solutions to equations IIB arising from Hermitian balanced structures on fig-' For 
each t ^ 0, the structure (Ft, '^t) provides solutions to the SUSY equations IIB. Ac- 
cording to Theorem l3.21 let us consider the half-flat SU(2) structure ( Ji , gi , cii , w, Cl) 
given by 

ai =P^+iP'^, Lo = p"^^ + At^ P^^ , n^2t{P^^ -P^^) + 2ti{P^^ + P^^). 

By ^ the forms p'^^ — P^^ and P'^^ + P^^ are closed, therefore for any fc|| e (0, 1) 

we conclude that the SU{2) structure {J2,g2,OL2 = k\\Im{ai) — i-^^^,Cj,Vi) is 

half- flat. Therefore, in terms of the basis {/3^, . . . , /3^} we get the following explicit 
solutions (a,i?e(f7)||,i?e(f^)j_,/m(f^)) of the SUSY equations d?]): 

i?e(a) == -^/3\ /TO(a)=/3^ Rein)u ^ kAp"^^ + At^ p^^), 

h 

Re{n)j_ = 2ffc||(/325_/336), /TO(17)=:2f(/326+/335), 



where k± = ^ 1 — k},. Notice that the fluxes are H — Q — Fi, and e'^^s * ^3 = 

4^2(^126 _ ^135)^ 
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• Solutions of the SUSY equations IIA on fjg-' For each i 7^ 0, we consider the 
SU(2) structure {J, g,a,uj,Cl) given by 

(11) a = /3l+i/3^ Lo ^ 2t (5^^ - 2t (5^^\ Cl ^ {^^ + 2ti P^) A {- [3^ + 2ti p'^) . 

Since the forms /3^^ and 0^^ ~ /3^^ are closed, and 

d{Re{a A n)) ^ p^ A d{(3^^ + At^p'^^) + 2tp^ A ^(/S^e + p35-^ = 0, 

we have that the SU(2) structure is symplectic half-flat for any t ^ 0. According 
to Theorem[3lIl since d{Re{a)) = dp'^ = 0, the forms (a, i?e(17)||, i?e(fi)_L,/?«(f})) 
given by 

Reia)=p\ /m(a) = -^/3^ Re{i})\\ ^ -2tk\\iP^'^ + p^"^), 

/C|| 

Re{n)j_ = 2t kj_{P^^ - P^^), Im{n) = -P^^ - At^P^^, 

provide solutions to the SUSY equations ([6]). Notice that the fluxes are H = 

_4^2 1^(^126 _ ^135)^ p^ ^ 0, 5s * F2 = -4|;(^1246 _ ^1345) ^^^ F4 = 0. 

Next we show that solutions to equations IIA (resp. IIB) in general are not 
stable by small deformations inside the class of half-flat structures. For that, we 
first show explicitly that any Hcrmitian balanced structure (-F^, ^4) on t)g given by 
(P|- (|10p can be deformed into a symplectic half-flat structure pT|) along a curve of 
half-flat structures. For each 7? € M, let us consider the SU(3) structure {Ff,'^^) 
given by 

Ff ^ P^^ + cos^ P^^ + 2t sin i) p'^^ - 2t sin i? p^^ + At^ cos i? P^^ , 

and 

*f = iP'^ +iP'^)A{P'^ +i cos^ P^ + 2tism^ P^) A{~ ain-d P^ + 2tcosd p^ + 2tip^). 

A direct calculation shows that Re{^f) is closed and dFf = At'^ cosd^P'^'^'^ - /3^^^), 
which implies that Ff A dFf — 0. Therefore, the structure is half-flat for any ■(?, 
and {F^ , ^j) is the Hermitian balanced structure given by ([9|)-(fT0|). and {Ff^ , '^^ ) 
is the symplectic structure (fTTj). 

Since Ff is symplectic if and only if cos?? = 0, by Theorem 13. II we have that the 
half- flat structure (i^/', ^f ) does not solve equations (JH) for ^ e (0, -j). 

On the other hand, let us flx d and consider the half-flat structure (fj'', ^f )• For 
any A € (0, 1), a direct calculation shows that the structure [F = F^ , $a) given by 

<^^ = (xp'i-i':^)/\[p^ + i cos^ P^ + 2tisiii{> P^) A{- siii^ P^ + 2tcos{> P^ + 2tip^). 
A 



is half-flat if and only if sin?9 = 0. From Thcorcm l3.2l we conclude that the half-flat 
structure (F/, '^f) does not provide a solution to equations ([71) for ?9 G (0, f ). 
Therefore, we have proved the following result: 

Proposition 4.1. The half-flat structure {Ff,'^f) does not solve neither © 
nor for any d e (0,f). Therefore, solutions to the SUSY equations IIA or 
IIB in general are not stable by small deformations inside the class of half-flat 
structures. 

4.2. Compact solvmanifolds. In this section wc describe in detail two compact 
solvmanifolds solving the SUSY equations IIA and IIB. 
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4.2.1. Example. Let us consider the 6-diniensional 2-step completely solvable Lie 
algebra Si = (0, 0, 13, —14, 15, —16) with structure equations 

(12) d(3^=dl3^=0, dl3^=(3^^, dl3^ = -l3^^, dp"^ = 13^^ , d/36 = -/^i^ 

The corresponding simply-connected Lie group 5*1 is isomorphic to M x (R k^ K"'), 
where 

/ e* \ 



m 



te 



e' 
\ e-* / 

Since 0(1) = exp^^'^^'^^fjj'iO)) G SL{A,Z), by [HI Theorem 4] we have that 
r = Z t><0 Z'^ is a lattice in R k^ R"* and therefore Zxr = ri is a lattice of 5*1. 
By Hattori 's Theorem [25 we have that the de Rham cohomology of the compact 
quotient S'l/Fi is isomorphic to the Chevalley-Eilenberg cohomology H*{si) of Si 
and thus in particular &i(S'i/ri) = 2, b2{Si/Ti) = 5 and bsiSi/Ti) == 8. 

Let us consider the almost complex structure 

Thebasisof (l,0)-formsa;i ^ {i^ + i [i"^ , uj"^ = P^+iji^ and w^ = - ji'^ + i 13^ saXisiies 

duj'=0, dw^ = -uj'^ + -u'^ dc^3^-ic^i3_i^i3_ 
2 2' 2 2 

Therefore, the almost complex structure J is integrable. Since the 2-form F = 
^12 _^ ^35 _ ^46 satisfies that F^ = 2(/3i235 _ ^1245 _ ^3546) jg closed, we get a 

Hermitian balanced SU(2) structure. 

• Solutions of equations IIB arising from the Hermitian balanced structure on Si; 
The previous structure provides solutions to the SUSY equations IIB. Let 
( Ji,5i,ai,(I), Ji) be the half-flat SU(2) structure given by 

It follows from ([T2|) that the 2-forms (3^'^, (3^^ and /S^^ -I- (3^^ arc closed, which 
implies that for any k\\ £ (0,1) the SU{2) structure (J2,g2,Q;2 — fc|| /to(q;i) — 
i—^^^,Lij,ri) is half-flat. By Theorem 13.21 we get the following solutions 
{a, Re{n)ii, Re{n)j_, Im{n)) of the SUSY equations ©: 

i?e(a) = -^;3\ Im{a)^l3^, Re{n)ii ^ k^{/3^^ ~ {3^^), 
fc|l 

334 , o56^ r™('o^ _ fl36 , o45 



Re{n)^ = -^11 (r* + z?""), im{n) = p^^ + (3^ 

where fcj_ = ./l — kf.. Notice that the fluxes are H = = Fi, and e'^^s * F:- 



"11 



3 



2p^ A{P^^ + p-^^). 

• Solutions of the SUSY equations IIA on Si; Let us consider the SU(2) structure 
{J,g,a,uj,n) given by 

Since the forms (3^'^, /3^'^ and (3^^ are closed, and 

d{Reia A Cl)) ^ (3^ A dip^'^ - /3^^) - /^^ A dip^*^ + p^^) = 0, 
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we have that the SU(2) structure is symplectic half-flat. By Theorem 13.11 since 
d{Re{a)) = dp^ = 0, the forms {a,Re{n)\\,Re{n)i^,lTn[VL)) given by 

i?e(a)=^\ /771(a) = -^/32, i?e(fi)|| = -fc||(/336 + /3^^), 

o34 I o56^ T^lrt\ — «35 o46 



provide solutions to the SUSY equations dH). The fluxes are H = 2^{l3^''^^ + P^'^^), 



(13) 



i?e(f7)_L = fc±(/3'^^ + ,3'^^), /m(f7) = ;3^5 - /S"* 

Fo = 0, 5. * F2 = -^(/31235 + ^1246) ^^j /^4 = 0. 

I 

As in the previous example, the particular solutions on Si to equations IIA and 
IIB given above are not stable by small deformations inside the class of half-flat 
structures. For each i? e M, the SU(2) structure {F"^ ^ ^'') given by 

F"^ = (3^^ + cosi9(/334 -I- /356) -I- sini9(/335 - (3'^'^) 

and 

W^ = (13^ + i P^) A {P^ + i cos d P'^ + i smd P^) A {- sini} P'^ + cos d P^ + il3^) 

is half-flat, and for i9 = (resp. ^ — ^) we get the symplectic (resp. Hermitian 
balanced) half-flat structure given above. A direct calculation shows that the half- 
flat structure {F''^,'^^) docs not solve neither dH) nor ^ for any ?? G (0, f ). 

4.2.2. Example. Let us consider the solvable Lie algebra S2 = (0, 0, —13 — 24, —14 + 
23, 15 -I- 26, 16 — 25), that is, there is a basis of 1-forms {/3^, . . . , f3^} satisfying 

f dl3^ = d/32 = 0, 

d/33 = _/3l3_^24^ 
d/34 = _/3l4 + ^23^ 

The existence of a lattice r2 of S2 of the associated simply connected solvable 
Lie group S2 was proved in [29] (sec also [H]). The de Rham cohomology of the 
compact quotient 6*2 /r2 (also known as Nakamura manifold) is not isomorphic to 
H*{s2) (see [T31[in] and more recently [lUin] for the cohomology of solvmanifolds). 
In particular bi{S2/T2) = 2, 62(52/r2) = 5 and 63(52/r2) = 8. 
Let us consider the almost complex structure 

J/3I = -/32, J/33 = _/34^ J/35 ^ _^6^ 

The basis of (l,0)-forms oj^ = ^^ + i f3'^ , uj'^ ^ ^^ + i l3* and uj^ ^ (3^ + iP^ satisfies 

that is, J is integrable. 

For each < e M - {0}, the SU(3) structure {Ft,'i/t) given by 

Ft = fp^^ + /?34 + /356^ ^^ ^ t (/?1 + i /32) ^ (^3 + i ^4) ^ (^5 ^ • ^6)^ 

defines a 1-parametric family of (non-equivalent) Hermitian balanced SU{3) struc- 
tures on S2 and thus a 1-parametric family of (non-equivalent) Hermitian balanced 
SU{2) structures. 

Notice that the associated metric is gt = t^ /S^ ® /?! + f^ ^2 ^ ^2 _|_ ^3 ^ ^3 _| 1_ 

/36(g) /3^ 
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• Solutions to equations IIB arising from Hermitian balanced structures on S2 ■' For 
each t 7^ 0, the structure (Ft, ^t) provides solutions to the SUSY equations IIB. Ac- 
cording to Theorem 13.21 we consider the half-flat SU(2) structure {Ji,gi,ai,u!,Ct) 
given by 

ai^tp^ +itl3^, uj^l3^^ + l3^^\ n^l3^^ -13^^ + i{l3^^ +0"^^). 
By dni) the forms ^^^ - /S"*^ and f3^^ + (3^^ are closed, therefore for any k\\ G (0, 1) 
we conclude that the SU{2) structure {J2, 92,0:2 = k\\Irn{ai) — i—^^^,u),C!,) is 

half- flat. Therefore, in terms of the basis {/3^, . . . , /3^} we get the following explicit 
solutions {a, Re{n)ii, Re{n)_i_, Im{n)) of the SUSY equations (HI): 

Re{a) = ^l3\ Im{a)^t/3^, Re{n)ii = k^(j3^'^ + f]'^^), 



where k± = . 1 — kf.. Notice that the fluxes are H = = Fi, and e gs * F^ 



-2/31 A (^34 _ ^56)^ 

• Solutions of the SUSY equations IIA on S2'- For each i 7^ 0, we consider the SU(2) 
structure (J, 5, a, a), f2) given by 

a = t;3i+it;3^ w = -/33^ - /3^^ i7 = (/3^-f i^3)A(/3^-f i/3^). 
Since the forms /3^^ and /J'^^ + /S"*^ are closed, and 

- d{Re{a A Cl)) = /3^ A d{/3^* + Z^^^) + fi^ A difi^'^ - (3^^) = 0, 

we have that the SU(2) structure is symplectic half-flat for any t ^ 0. According to 
Theorem O since d{Re{a)) =tdfi^ = 0, the forms {a,Re{n)\\,Re{n)^,Im{n)) 
given by 

i?e(a)=i/3\ Im{a) = ^l3^, i?e(f})|| = -fc||(/33^ - Z?"*^), 

k\\ 

provide solutions to the SUSY equations ([6]). Notice that the fluxes are H = 

|^(/3134 _ ^156)^ p^ = 0, <?, * F2 = -2^ 



2fe^(/3l34 _ ^156)^ ^^ = 0, <?, * F2 = -2^(/3l234 _ ^1256) ^^^ F4 = 



"II 
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